













Proof of discrete solenoidal extension theorem using
P2/P1 finite elements with some applications
( ) *1





$\Omega$ 2 $\Gamma$ $\Gamma=\overline{\Gamma}_{0}\cup\overline{\Gamma}_{1},$ $\Gamma_{0}\cap\Gamma_{1}=\emptyset$
$\Gamma_{1}$ 1 - $\Gamma_{0}$ $\Gamma_{1}$
:
$\{\begin{array}{l}-\nu\Delta u+\nabla p=f, divu=0 in \Omega,u=0 on \Gamma_{0},u_{n}=0, |\sigma_{\tau}|\leq g, \sigma_{\tau}u_{\tau}+g|u_{\tau}|=0 on \Gamma_{1}.\end{array}$ (1)
$\nu,$ $u,p,$ $f,$ $g$
$n,$ $\tau$
$\Gamma$ $u_{n}=u\cdot n,$ $u_{\tau}=u\cdot\tau$
$\sigma$ $T=-pII+\nu(\nabla u+(\nabla u)^{T})$ $\sigma=Tn$ $\sigma_{n}=\sigma\cdot n$ ,
$\sigma_{\tau}=\sigma\cdot\tau$ (1) (mixed-type variational inequality)
[2]:
$\{\begin{array}{ll}a(u, v-u)+b(v-u,p)+j(v_{\tau})-j(u_{\tau})\geq(f,v-u)_{L^{2}(\Omega)^{2}} (\forall v\in V_{n}),b(u,q)=0 (\forall q\in Q^{\circ}).\end{array}$ (2)
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$V_{n}=\{v\in H^{1}(\Omega)^{2}|v=0 on \Gamma_{0}, v_{n}=0 on \Gamma_{1}\},$ $Q =L_{0}^{2}( \Omega)=\{q\in L^{2}(\Omega)|\int_{\Omega}qdx=$
$0\}$ $a(u,v)=\frac{\nu}{2}\sum_{i,j=1}^{2}\int_{\Omega}(_{\vec{\partial x_{j}}}^{\partial u}$
.
$+ \frac{\partial u}{\partial x_{i}})(_{\vec{\partial x_{j}}}^{\partial v}$
.
$+ \frac{\partial v}{\partial x_{i}})dx,$ $b(v,q)=- \int_{\Omega}divvqdx,$ $j(v_{\tau})=$
$\int_{\Gamma_{1}}g|v_{\tau}|ds$
$\Gamma_{1}$ $\Omega$ 1 $(n,$ $\tau$
$\Gamma_{1}$ ) $\Gamma_{1}$ $\Omega$ 2
$\Omega$
$n$ $\tau$ $V_{n}$ $\ulcorner_{u_{n}=0_{\lrcorner}}$
$\Gamma$
1 $\cap$ { $\Omega$ } $u=0_{\lrcorner}$ $\Gamma_{1}$ $\Omega$ 2
(2) $v\in V_{n}$ $V_{n,\sigma}=V_{n}\cap V_{\sigma}$ $V =H_{0}^{1}(\Omega)^{2}$
( $V_{\sigma}=\{v\in H^{1}(\Omega)^{2}|divv=0\}$ ). $(u,p)$ (2)
:









$v\in V_{n}\backslash (V_{n,\sigma}\cup V )$ (2)
:
( ) $\eta\in H^{1/2}(\Gamma)^{2}$ $\int_{\Gamma}\eta_{n}ds=0$ $w\in V_{\sigma}$
$w=\eta$ on $\Gamma$
[3, p.24] $v\in V_{n}$ (2)
$w\in V_{\sigma}$ $w=v$ on $\Gamma$ , $w_{\tau}=v_{\tau}$ on $\Gamma_{1}$
$a(u, v-u)+b(v-u,p)+j(v_{\tau})-j(u_{\tau})-(f, v-u)_{L^{2}(\Omega)^{2}}$









) $P2/P1$ $V_{h},$ $Q_{h}$ :
$V_{h}=\{v_{h}\in C(\overline{\Omega})^{2}|v_{h|_{T}}\in P_{2}(T)^{2} (\forall T\in ff_{h})\}$ ,
$Q_{h}=\{q_{h}\in C(\overline{\Omega})|q_{h|_{T}}\in P_{1}(T) (\forall T\in F_{h})\}$ .
$P_{2}(T),$ $P_{1}(T)$ $T$ 2 1 $V_{nh}=V_{h}\cap V_{n},$ $Q_{h}^{o}=Q_{h}\cap Q $
$j_{h}(v_{h\tau})$ $j(v_{h\tau})= \int_{\Gamma_{1}}g|v_{h\tau}|d_{S}$
:
( ) $\eta_{h}\in\{v_{h|\Gamma}|v_{h}\in V_{h}\}$ $\int_{\Gamma}\eta_{hn}ds=0$
$w_{h}\in V_{h,\sigma}$ $w_{h}=\eta_{h}$ on $\Gamma$ $V_{h,\sigma}=\{v_{h}\in V_{h}|b(v_{h},q_{h})=$





$\eta_{h}\in\{v_{h|\Gamma}|v_{h}\in V_{h}\}$ $V_{h}$ $h$ $w_{h}\in V_{h}$
$(w_{h}^{*},p_{h}^{*})\in V_{h}^{o}\cross\mathring{Q}_{h}$ ( $=V_{h}\cap V $ ) :
$\{\begin{array}{ll}a(w_{h}^{*},v_{h})+b(v_{h},p_{h}^{*})=0 (\forall v_{h}\in\mathring{V}_{h}),b(w_{h}^{*},q_{h})=-b(\hat{w}_{h},q_{h}) (\forall q_{h}\in Q_{h}^{o}).\end{array}$ (6)
$P2/P1$ inf-sup
$\beta\Vert q_{h}\Vert_{L^{2}(\Omega)}\leq\sup_{vh\in\dot{V}_{h}}\frac{b(v_{h},q_{h})}{\Vert v_{h}\Vert_{H^{1}(\Omega)^{2}}}$
$(\forall q_{h}\in Q_{h}^{o})$ (7)
(6) $(w_{h}^{*},p_{h}^{*})$ $w_{h}=w_{h}^{*}+\hat{w}_{h}$
$w_{h}^{*}\in V_{h}^{o}$ $w_{h}=\hat{w}_{h}=\eta_{h}$ on $\Gamma$ (6) 2 $q_{h}\in Q_{h}^{o}$




$\hat{w}_{h}$ [1, Theorem 5.1] $\eta_{h}$
$w_{h}$ :





$a(u_{h},v_{h}-u_{h})+j_{h}(v_{h\tau})-j_{h}(u_{h\tau})\geq(f,v_{h}-u_{h})_{L^{2}(\Omega)^{2}}$ $(\forall v_{h}\in V_{nh}\cap V_{h,\sigma})$
$u_{h}\in V_{nh}\cap V_{h,\sigma}$ 1 inf-sup (7)
$a(u_{h},v_{h})+b(v_{h},p_{h})=(f,v_{h})$ $(\forall v\in V_{h}^{o})$
$p_{h}\in Q_{h}^{o}$ 1 $v_{h}\in V_{nh}$ (5) 1








$\{\begin{array}{l}\text{ }\nu\triangle u+\nabla p =f, divu=0 in \Omega,u=0 on \Gamma_{0},u_{\tau}=0, |\sigma_{n}|\leq g, \sigma_{n}u_{n}+g|u_{n}|=0 on \Gamma_{1}.\end{array}$
([2] )
$\{\begin{array}{ll}a(u,v-u)+b(v-u,p)+J(v_{n})-j(u_{n})\geq(f,v-u)_{L^{2}(\Omega)^{2}} (\forall v\in V_{\tau}),b(u,q)=0 (\forall q\in Q).\end{array}$ (8)
$V_{\tau}=\{v\in H^{1}(\Omega)^{2}|v=0 on \Gamma_{0}, v_{\tau}=0 on \Gamma_{1}\},$ $Q=L^{2}(\Omega)$ $j(v_{n})=$
$\int_{\Gamma_{1}}g|v_{n}|ds$ $Q =L_{0}^{2}(\Omega)$ $Q$
$\sigma_{n}$ $u$ $p$
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(8) $V_{h}^{o}-Q_{h}$ inf-sup (7)
$V_{\tau h}-Q_{h}$ inf-sup
$\beta\Vert q_{h}\Vert_{L^{2}(\Omega)}\leq\sup_{v_{h}\in V_{\tau h}}\frac{b(v_{h},q_{h})}{\Vert v_{h}\Vert_{H^{1}(\Omega)^{2}}}$ $(\forall q_{h}\in Q_{h})$ (9)
$V_{\tau h}=V_{\tau}\cap V_{h}$
(9)
( inf-sup ) $\Gamma_{1}$ $L,$ $M$ $L$ $M$ $N$ $T\in \mathscr{P}_{h}$
(9)
( ) $Ph\in Q_{h}$ $\frac{b(uhp_{h})}{||u_{h}||_{H^{1}(\Omega)^{2}}}\geq\beta\Vert p_{h}\Vert_{L^{2}(\Omega)}$ $u_{h}\in V_{\tau h}$ $\beta>0$
$\eta_{h}\in\{v_{h|_{\Gamma}}|v_{h}\in V_{\tau h}\}$ :
$\{\begin{array}{l}\eta_{h}=0 on \Gamma_{0},\eta_{h\tau}=0 on \Gamma_{1},\eta_{hn}(L)=\eta_{hn}(M)=0, \eta_{hn}(N)=-2(p_{h}, 1)_{L^{2}(\Omega)}/|\Gamma_{1}|,\Gamma_{1}\backslash \{N\} \text{ } \eta_{hn} \text{ }1\text{ }\end{array}$
$|\Gamma_{1}|$ $\Gamma_{1}$
$\bullet\int_{\Gamma_{1}}\eta_{hn}ds=-(p_{h}, 1)_{L^{2}(\Omega)}$,
$\bullet\Vert\eta_{h}\Vert_{H^{1/2}(\Gamma_{1})^{2}}\leq C\Vert\eta_{h}\Vert_{H^{1}(\Gamma_{1})^{2}}\leq C|(p_{h}, 1)_{L^{2}(\Omega)}|\leq C\Vert p_{h}\Vert_{L^{2}(\Omega)}$ ,
[1, Theorem 5.1] $\eta_{h}$ $\in V_{h}$
$\hat{u}_{h}\in V_{\tau h}$ $\Vert\hat{u}_{h}\Vert_{H^{1}(\Omega)^{2}}\leq C\Vert\eta_{h}\Vert_{H^{1/2}}(r)^{2}\leq C\Vert p_{h}\Vert_{L^{2}(\Omega)}$
$V_{h}^{o}-Q_{h}^{o}$ inf-sup
$\{\begin{array}{ll}a(u_{h}^{*},v_{h})+b(v_{h},p_{h}^{*})=0 (\forall v_{h}\in V_{h})\circ,b(u_{h}^{*},q_{h})=(p_{h},q_{h})_{L^{2}(\Omega)}-b(\hat{u}_{h},q_{h}) (\forallq_{h}\in Q_{h}^{o}).\end{array}$
1 $u_{h}^{*}\in V_{h}^{o},$ $p_{h}^{*}\in Q_{h}^{o}$ :
$\Vert u_{h}^{*}\Vert_{H^{1}(\Omega)}+\Vert p_{h}^{*}\Vert_{L^{2}(\Omega)}\leq C\Vert p_{h}+div\hat{u}_{h}\Vert_{L^{2}(\Omega)}\leq C(\Vert p_{h}\Vert_{L^{2}(\Omega)}+\Vert\hat{u}_{h}\Vert_{H^{1}(\Omega)})\leq C||p_{h}\Vert_{L^{2}(\Omega)}$.
$u_{h}=\hat{u}_{h}+u_{h}^{*}$ $\Vert u_{h}\Vert_{H^{1}(\Omega)^{2}}\leq C\Vert p_{h}\Vert_{L^{2}(\Omega)}$
$b(u_{h},q_{h})=(p_{h},q_{h})_{L^{2}(\Omega)}$ $(\forall q_{h}\in Q_{h}^{o})$ ,




$\frac{b(u_{h},p_{h})}{\Vert u_{h}\Vert_{H^{1}(\Omega)^{2}}}=\frac{||p_{h}||_{L^{2}(\Omega)}}{\Vert u_{h}\Vert_{H^{1}(\Omega)^{2}}}\Vert p_{h}\Vert_{L^{2}(\Omega)}\geq\frac{1}{C}\Vert p_{h}\Vert_{L^{2}(\Omega)}$ ,
$N$ $T\in ff_{h}$ $h\leq|\Gamma_{1}|/3$ $h$ $N$
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